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ABSTRACT

Accurately estimating the point spread function (PSF) of an
optical system requires solving free-space wave propagation,
which entails evaluating a diffraction integral. This integral
is traditionally computed numerically using FFT or Hankel
transforms, as it lacks a closed-form solution. We show that,
under defocus and spherical aberration, the diffraction inte-
gral admits an approximate closed-form solution by combin-
ing a piecewise Bessel approximation with Gaussian-type in-
tegrals. Based on this result, we develop a fast wave-based
PSF simulator with linear complexity in the radial resolution.
The proposed, un-optimized simulator achieves up to a 2x
speedup over Hankel-based integration and a 4x speedup over
FFT while closely matching wave-optical PSFs, enabling ef-
ficient large-scale depth-of-field synthesis.

Index Terms— point spread function, defocus, aberra-
tion, Bessel function

1. INTRODUCTION

Efficient and accurate synthesis of depth-of-field (DoF) im-
ages is critical for a wide range of computer vision and graph-
ics applications, including depth from defocus [1, 2, 3], image
restoration [4, 5, 6], and rendering [7, 8]. Despite its impor-
tance, DoF synthesis remains challenging because it requires
evaluating point spread functions (PSFs) at a densely sam-
pled set of image locations. Geometric PSF simulators [1]
are computationally efficient, but they fail to capture diffrac-
tion effects and often suffer from discretization artifacts, es-
pecially near focus (Fig. 1). In contrast, wave-based PSF
simulators [9] provide high physical accuracy but incur sub-
stantial computational cost due to the numerical evaluation of
diffraction integrals. These limitations motivate the need for
a PSF simulator that is both fast and accurate, enabling prac-
tical DoF image synthesis at scale.

This paper proposes a fast simulator that approximates
the diffraction integral under defocus and spherical aberra-
tion in closed form. By avoiding expensive numerical inte-
gration, the proposed approach substantially reduces runtime
while retaining diffraction effects, compared to wave-based
simulators commonly used in recent work [10, 11, 12]. As
shown in Fig. 1, our method produces visually accurate DoF
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Fig. 1: Overview. (a) Wave-based (blue) and geometric-based
(red) PSF synthesis. Wave-based simulation accurately mod-
els diffraction at high computational cost, while geometric
simulation is fast but inaccurate. (b) DoF rendering via per-
pixel PSF synthesis according to the provided depth map (in-
set). Our simulator achieves substantially lower runtime than
the Hankel-based wave simulator used in recent work [10],
while keeping high fidelity. Boxes highlight discretization ar-
tifacts in geometric rendering.

images with a clear computational advantage over existing
wave-based approaches, while also achieving higher accuracy
than geometric simulation.

Existing wave-based methods follow the classic approach
of Goodman [13], which typically evaluate the diffraction in-
tegral numerically using the Fast Fourier Transform (FFT).
When the wavefront is radially symmetric, this evaluation
can be reduced from two dimensions to one dimension and
solved via the Hankel transform. Further simplification, how-
ever, is challenging due to the lack of closed-form solutions
for diffraction integrals with general wavefront phase pro-



files. There have been work that combines geometric optics
and wave optics to efficiently model aberrations in optical as-
semblies [14, 15]. However, these models still require solv-
ing diffraction integral within frameworks. People have also
trained neural networks to implicitly represent the PSFs as a
function of depth, incident angle, etc., but training these mod-
els still require data generated from solving diffraction inte-
grals [16, 17, 18]. In this work, we directly tackle the sim-
plification of the diffraction integral, which we haven’t seen
in prior works. We show that when the wavefront is parame-
terized by Seidel coefficients consisting only of defocus and
spherical aberration, the diffraction integral admits an accu-
rate approximate closed-form solution.

We derive this solution in detail, implement a fast PSF
simulator based on it, and analyze its computational effi-
ciency and accuracy relative to widely used FFT- and Hankel-
based simulators. Experimental results demonstrate a 2x
speedup over Hankel-based methods and a 4x speedup over
FFT-based methods, while maintaining high fidelity in the
synthesized PSF shapes. The proposed simulator is com-
plementary to existing FFT- and Hankel-based approaches,
trading generality for a significant gain in computational
efficiency.

The main contributions of this paper are:

* An approximate closed-form solution to the diffraction
integral under defocus and spherical aberration;

¢ A fast PSF simulator based on this solution;

* A comprehensive comparison with existing PSF simu-
lation methods in terms of accuracy and runtime.

2. PRINCIPLE

Consider an on-axis point source located at distance z from a
single-lens camera, emitting a spherical wavefront with wave-
length ), as illustrated in Fig. la. The lens is assumed to
transmit all incident light within a circular aperture of radius
R. Under these assumptions, the resulting point spread func-
tion (PSF) h on the photosensor is radially symmetric and can
be expressed via the well-known Hankel transform
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h(k) = |27 /R P(r)Jo(2nkr) rdr (1)

The variables r and k denote the radial coordinate at the aper-
ture and sensor plane, respectively, Jo(+) is the zeroth-order
Bessel function of the first kind, and the pupil function P(r)
is given by:

P(r) = exp(j2Cy 1%/ R?) , )
where Cy is the defocus coefficient:
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Evaluating (1) typically requires either direct numerical in-
tegration, which can be formulated as a matrix multiplica-
tion with O(N?) complexity, or a Fast Hankel Transform
(FHT) with O(N log N) complexity [19], where N denotes
the number of radial samples of the PSF.

The key contribution of this work is an analytic approx-
imation of the Bessel function Jy(a) that enables a closed-
form evaluation of the Hankel integral. Specifically, we adopt
the following piecewise approximation:
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Here, « is a tunable hyperparameter that controls the accu-
racy of the asymptotic approximation. As shown in Fig. 2a,
the proposed approximation jo(a) closely matches the true
Bessel function Jy(a) over the entire domain for representa-
tive values of the variable a.

Substituting Jo into (1) yields a decomposition of the PSF
into two integrals,
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Both integrals admit closed-form solutions by reducing to
Gaussian-type integrals of the form [20]
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As a result, the PSF can be evaluated analytically with
only O(N) computational complexity, representing a sub-
stantial reduction compared to existing numerical and FHT-
based approaches. For brevity, we omit the explicit closed-
form expression in the main text and refer the reader to the
Appendix for the full derivation.

Extension to Spherical Aberration. When both defocus
and spherical aberrations are present, the pupil function can
be written as
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where C; denotes the spherical aberration coefficient. The
presence of the quartic term r* in the phase prevents the re-
duction of the Hankel integral to closed form using the previ-
ous approach.

To address this difficulty, we approximate the pupil func-
tion using a piecewise quadratic phase model. Specifically,
we partition the pupil into M radial intervals [r;,r;11),
within each of which the phase is locally approximated by a
quadratic function:

eXp[quTZ] , 0<r<mry,
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where the coefficients {«a;, 5;} are chosen to best approxi-
mate the original quartic phase within each interval. As il-
lustrated in Fig. 2b, the resulting piecewise approximation
closely resembles the true pupil function.

With this approximation, each segment reduces to the
same form as the purely defocus case in Eq. 4, allowing the
PSF contribution of each interval to be evaluated analytically
using Gaussian integrals. The overall PSF is then obtained by
summing the contributions across all segments.
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Fig. 2: (a) Zeroth-order Bessel function of the first kind Jy(a)
and its approximation Jy(a). (b) Pupil function P(r) and its
approximation P(r) with Cy = 10 and Cy = 10. Both ap-
proximations closely match their corresponding ground-truth
functions.

3. RESULTS

This section analyzes the speed and accuracy trade-off of the
proposed closed-form solution of defocused and spherical-
aberrated PSFs. We chose the following methods as base-
lines, which have been frequently used in recent computa-
tional imaging works [9, 10, 1]. First, we evaluate of Hankel
transform (Eq. 1) via matrix multiplication and then interpo-
late the radial PSF A(k) to the two-dimensional PSF h(x):

h(x) = h(k = |[x[]). ®

We did not utilize FHT, as the disk pupil function violates the
smoothness constraint that FHT requires and the calculated
PSF significantly deviates from the plain Hankel transform.
We implemented Hankel transform in Python scripts. Second,
we directly calculate the 2D PSFs according to:

h(x) oc |7 [(IxI| < R)P([x])]I* €)

via Fast Fourier Transform (FFT) by calling Scipy’s fft func-
tion. Third, we use the simple geometric optics, where the
PSF is a scaling of the pupil under the thin-lens model [1]:

h(x) = i (”X” < 1) ,where 0 = Rs <1 - 1) , (10)
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where s and z; is the sensor and focal distance, and z is the

target distance as in Fig. 1a. The defocus parameter C; can
be similarly calculated as [21]:

_mlzgr xR (1 1
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For simplicity, we refer to these baseline PSF evaluation
methods as Hankel, FFT, and Geometric. Hankel and FFT
are wave-based, thus their outputs are consistent with each
other, and can accurately render the diffraction effects in
the PSFs, while Geometric cannot. We consider the output
from Hankel and FFT to be the true PSFs in our evaluation.
For our method, we compute the radial PSF h(k) using the
closed-form solution implemented in Python scripts and then
interpolate it to 2D, similar to Hankel.

Range of realistic C; and Cs. For the defocus parameter
Cq, we set it to be smaller than 10 as larger PSFs will likely
blur out textures in images. We surveyed stock lenses sold by
major optical elements suppliers, and found that the spherical
parameter C| of typical lenses ranges from 0 to 10.

Time and accuracy. Fig. 3 compares runtime and accuracy
among Hankel, FFT, and the proposed approach (ours). We
exclude Geometric, as it is not a wave-based PSF simulator.
The proposed method achieves a clear reduction in compu-
tational cost relative to the baselines while accurately repro-
ducing defocus and spherical aberration effects. Fig. 4 further
presents representative radial cross-sections of PSFs synthe-
sized by different methods, demonstrating close qualitative
agreement between our results and those of prior wave-based
simulators when C is small. The experiment is conducted
on a machine with an Intel Core i7-11370H 3.30GHz, Quad-
Core Processor and a 32GB RAM.

Depth-of-field (DoF) rendering. Fig. 5 demonstrates a po-
tential use case of the proposed PSF simulator. To accurately
render the DoF effect in an image, we need to densely syn-
thesize the PSFs of the scene. Our method’s speed advan-
tage leads to faster rendering than Hankel or FFT (Fig. 5b-
e). Although Geometric can lead to even faster rendering, the
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Fig. 3: Quantitative comparison of PSF synthesis runtime and
accuracy. (a) Runtime for generating a 2D PSF across varying
spatial resolutions /N. Our method is consistently 2x faster
than Hankel-based integration and 4x faster than FFT-based
synthesis. (b) Cross-correlation coefficients between our ap-
proximation and the FFT-based simulation. Our simulated
PSF achieves high accuracy when the spherical aberration co-
efficient C is less than 2.

rendered image suffer from discretization artifacts when the
target texture is close to focus, as shown in Fig. 5f.

4. DISCUSSION

The proposed approximate closed-form PSF evaluation is
complementary to the classic Hankel or FFT-based PSF eval-
vation. Ours clearly show the advantage in computational
time, but it can only handle defocus and spherical aberra-
tions at the current stage, while the latters are suitable for
rendering PSFs for custom pupil functions. Because of this,
ours is more suitable for synthesizing large scale, realistic
DoF images for depth from defocus, image deblurring, etc.,
while the classic Hankel or FFT-based PSF simulators are for
end-to-end design of computational imaging systems.

5. APPENDIX
Full derivation of the closed-form solution. Eq. 4 can be
decomposed into the weighted summation of the following

six forms of integrals:
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Fig. 4: Qualtitative comparison of radial PSF cross-sections
using different simulators with sample defocus and spherical
coefficients, Cy and Cs. (a) Cy = 1,Cs = 0. (b) Cy =
5,Cs=0.(c)Cqg=5,Cs=5.(d) Cqg =10,Cs = 2.

where
ao(k) £ 1/(27k),

d(r) S exp(j 2Cdr2) , (13)
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The weighted summation is:
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The integrals h;_g admit closed-form analytical solutions.
For h;_s, by applying the change of variables u = 72, each
integral reduces to the form [ u"el(2¢a)¥ dy, which can be
evaluated in closed form using elementary functions. For
h4—_g, the cosine modulation can be expressed as the sum
of two complex exponentials: C(r) = L{e=77/4ei2mhr 4
eI™/4e=327kr} " Each integral can then be written as the real
part of an oscillatory integral of the form [ 7™ e’ vri+am) g
with v = 2Cy and |y| = 27k. Completing the square in the
phase converts the m = 0 case into a complex Gaussian inte-
gral, yielding a closed-form expression in terms of the com-
plex error function. The cases m = 1 and m = 2 follow from

ci(k) =1, ca(k)=—n2k?, c3(k)=

)
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Fig. 5: Sample depth-of-field images rendered using different simulators. We calculate the PSF of each pixel according to the
provided depth map (inset, unit: m) and sum the PSF weighted by the brightness of the pixel. The focal distance is zy = 0.4
m, the sensor distance is z;, = 12.37 mm, the pupil radius is R = 1 mm, and the wavelength is A = 500 nm. Ours achieves a
clear speed advantage compared to Hankel and FFT. Although Geometric achieves the fastest rendering speed, it creates clear
artifacts when the image is close to focus due to the discretization error of the scaling model.

algebraic recurrence identities that express higher-order mo-
ments in terms of the base integral and boundary exponential
terms. The closed-form solutions are as follows. We omit the
variable k for h;_g and ag for simplicity.
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The intermediate elements F_o has the forms:
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